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DISCUSSION 


ASCE.—A novel adaptation the load method deter- 
mining deflections proposed for solving the redundant crown forces 
connected series three-hinged frames. The statical determinateness these 
three-hinged units results simple expressions for the forces that produce 
moments the several members. This one the evident advantages the 
analysis; but more important advantage the possible material 
obtained shaping the members fit the stress pattern advantageously. 
may expected, however, that the unit cost such construction will con- 
siderably higher than for normal types until contractors become accustomed 
the differences details. 

the case precast units reinforced concrete the writers feel that the 
Considére hinge will have advantage over the Mesnager hinge with regard 
assembly, although either could used. The advantage gained using the 
Considére hinge lies the fact that the bars need not cross, the steel may 
welded, and covering can cast more readily after the subassemblies are 
place, shown Fig. 16. The resulting appearance need not different 


Welded Longitudinal and Spiral Steel 


(a) BEFORE ASSEMBLY AFTER ASSEMBLY 


THE CoNSIDERE HINGE 


from that obtained with Mesnager hinge. 

Rotational resistance such hinges, although substantially greater than 
the Mesnager hinge, sufficiently low permit assumption hinged con- 
dition for the angular rotations met practice. Design charts have been pre- 
pared for Considére hinges, based upon the use limiting deformation that 
will prevent unsightly cracking.® 

Furthermore, the use the flexible connection joint limited rigidity 
the additional economy possible the use sections predetermined 
capacity. just logical use section predetermined capacity, 
having magnitude resistance other than virtually zero, use the 
Mesnager Considére articulations, and there neither more nor less likeli- 
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hood exceeding the elastic properties detrimental degree either case. 
Obviously, such extension would necessitate careful development 
procedure. 

significant contribution has been made the author presenting 
practical procedure for the proposed method analysis. However, for those 
situations which would desirable vary the dimensions the members 
for occasions when symmetry load within bay does not occur, the sub- 
stitution the equations for the k-value relatively minor operation) likely 
deter many from taking full advantage such framing. Although 
true that conditions load symmetry and equal amounts taper for the mem- 
bers remove the need compute values not likely that such condi- 
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17.—GRAPH FOR SOLUTION FoRMULA TAPERED FLANGE 


tion can always used. The equations Tables through may made 
more useful placing them chart form, such the example presented Fig. 
prepared for section Table Such charts could readily plotted for 
the remaining parts Table and for Tables through and would markedly 
increase the value the author’s proposed method. 

The writers that valuable further simplification the tables coeffi- 
cients for the contributions members the deflection joint may 
developed. The coefficients for and for values and not change 
with variations applied loading, and the coefficients shown Table may 
used for the end bays frames with odd number bays. Therefore, 
possible combine parts Tables and into single table shown 
Table 10. 
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Bays RECTANGULAR FRAMES FOR EVEN 
Opp NuMBER Bays 


Use for Even Number Bays 
Use for Odd Number Bays 


Days 


APPLICABLE VALUES 


Bays 


(1) (2) (4) (5) (6) (7) (8) (9) (11) (12) (13) (14) (15) 
(a) FoR DEFLECTION 
Beam: Beam: Beam: 
Column: Column: Column: 
FOR VERTICAL DEFLECTION 
Beam: Beam: Beam: 
Column: Column: Column: 
(c) 


Mem- 
ber 


Common 
dimen- 
sional 
multiplier 


(2) 


l/h 


h/TI2,3 


TABLE MEMBERS DEFLECTION 


Load 


(3) 


wk 


AL AR 
(4) 
0 0 
0 0 
-1 0 
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also evident that the load coefficients shown Tables 7,8, and are ap- 
plicable only the type loading shown and applicable only symmetry 
loading within bay maintained, although all bays need not loaded. The 
writers are the opinion that data the form Table are more useful and, 
course, cover broader range loading conditions. arrangement similar 
Table could also developed for the end bays frames with even 
number bays. When used conjunction with charts, such those pro- 
posed herein for Tables through Tables and will provide effective 
design tool for the author’s proposed method analysis. 


TABLE SOLUTION FOR THE SIMULTANEOUS 
EQUATIONS FROM THE FRAME 


(a) TABULATION COEFFICIENTS ORIGINAL 

3 4 —1 —0.5 +2 -1 +0.5 0 

5 6 -1 —0.5 +2 9 

+0.5 

+1.0 +8.00 +1.0 

+0.5 +7.75 +1.0 

+7.50 +1.0 

+1.0 +8.0 

+8.0 
+0.5 
+1.0 +1.0 —0.125 
+15.0 +1.0 —2.000 
+14.0 —1.875 


Final Values and —0.0690 —0.1339 —0.0714 0.1333 —0.0024 0.0089 


not clear the writers why the method summation successive 
increments proposed for the solution the simultaneous equations. The 
equations take the form secondary stress equations and some respects 
might well considered such. The method successive approximations, 
frequently used the solution secondary stress equations, could adapted 
the wedge-beam framing equations more advantageously than the summation 
successive increments. Comparison the results obtained exact solu- 
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tion Eqs. successive elimination unknowns with those obtained 
successive approximations, well the author’s results, are shown Tables 
and 13. The method successive approximations removes the need 
adding increments obtain the final answer and will converge more rapidly 
the true values for the equations shown. Furthermore, convergence most 
rapid substitution made soon approximate values are obtained, may 
observed the bottom Table 13. 

The writers feel that the author’s proposed method tabular coefficients 
greatest advantage when necessary (as usually the case) carry 
through solutions for given frame for different loadings. Maximum stresses 
resulting from various combinations loads—such wind load, crane load, 


APPROXIMATIONS: 
Quan- Actual Author’s 
tity values values 
Third Fourth Fifth 


First Second Sixth 


(a) VALUES FOR THE DETERMINING THE First APPROXIMATION 


—0.0313 —0.0492 —0.0489 —0.0590 —0.0627 —0.0690 —0.0577 
—0.1429 —0.1250 —0.1295 —0.1289 —0.1314 —0.1324 —0.1339 —0.1311 
—0.0358 —0.0313 —0.0516 —0.0489 —0.0588 —0.0714 —0.0587 


+0.1250 +0.1250 +0.1328 +0.1328 +0.1333 +0.1333 +0.1333 +0.1333 
+0.0313 +0.0133 +0.0176 +0.0074 +0.0040 —0.0024 +0.0088 
+0.0045 +0.0039 +0.0065 +0.0076 +0.0089 +0.0061 


Zero AssuMED ALL, THE UNKNowN, VALUES ARE OBTAINED 
FOR IMMEDIATE SUBSTITUTION SUBSEQUENT OPERATIONS 


—0.0469 —0.0577 —0.0627 —0.0655 —0.0671 —0.0690 —0.0577 
—0.1250 —0.1289 —0.1311 —0.1323 —0.1331 —0.1335 —0.1339 —0.1311 
—0.0313 —0.0489 —0.0588 —0.0644 —0.0675 —0.0693 —0.0714 —0.0587 
0.1250 0.1333 0.1333 0.1333 0.1333 0.1333 0.1333 
0.0156 0.0087 0.0039 0.0011 —0.0004 —0.0013 —0.0024 0.0089 


0.0039 0.0061 0.0074 0.0081 0.0084 0.0087 0.0089 0.0061 


conveyor system load, and roof load—may readily obtained after the and 
V-values are known. Considerable saving may noted the fact that the 
coefficients for and not change for the various loadings, and the equa- 
tions may solved the same routine for all constants. The charts and 
Tables and proved distinctly valuable setting the equations for such 
analysis. 

Solution successive elimination unknowns advocated, although 
successive approximations would advantageous the case large number 
bays. 

The author congratualted upon his approach the problem, and 
hoped that further simplifications will forthcoming. 


(in the paragraph headed “Range for the introduction 
and use wedge-beam framing economy material and construction costs. 


Associate Prof., Dept. Civ. Eng., Univ. Connecticut, Storrs, Conn. 
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Engineering practice has long demonstrated that, for given loads and spans, 
beam with varying strength along its length will weigh less than beam 
constant strength; and, the added fabrication cost and change erection 
cost this variable strength beam are not greater than its material savings 
certainly more economical. 

Another related, yet more elusive, source economy material 
change the effective span lengths beams change articulation type 
support, effect changing the moment diagrams. Possibilities for change 
articulation range from the classic post-and-lintel construction, with hinges 
over the columns, the only slightly less classic cantilever construction, with 
hinges midspan. compromise between these extremes the more 
modern continuous construction, with “hinges” points contraflexure 
usually within the second and fifth sixths the span length. This paper 
considers only cantilever construction because (as stated the “Introduction’’) 
the arrangement two simple cantilevers yields appreciable savings 


7 ¢ 


2 


all 


(a). CANTILEVER POST AND LINTEL 


TAPERED BEAM REQUIREMENTS FRAMING 


The writer realizes dangerous attempt generalize the relative 
economy the various types articulation the basis single analysis, 
because single analysis can account for all the many types loads, materials, 
and stresses. However, one analysis offers some evidence, Fig. at- 
tempt has been made compare the beam requirements for post-and-lintel and 
for cantilever construction. The curves maximum moment are for moving 
uniform gravity load equal per unit length, frame many bays, and 
the half-span cantilever beam assumed have the same stiffness the 
column. can seen, the curves maximum moment have been enveloped 
dotted line representing the maximum resisting moments tapered 
beam, showing graphically the minimum strength beam required resist the 
maximum moments. The resisting moment this beam was assumed 


it 
4) 
t 
/ 
TZ 


SAWYER WEDGE-BEAM FRAMING 


vary linearly from maximum down value one fifth the maximum, 
corresponding quite closely the type strength variation beams the 
author’s Tables and Dead load moments have been neglected because 
they would have about the same effect both types, although actually the 
small dead load moment from the weight the beam itself 
would somewhat less for the cantilever type since its weight concentrated 
nearer the supports. 

According this analysis, cantilever construction requires 
heavier beam than post-and-lintel construction. However, other important 
factors, not apparent from Fig. 18, should considered. The maximum 
shear occurs the deepest section the cantilever beam and the shallowest 
section the lintel beam. Thus, extra material could well required 
resist shear the lintel beam, even though important part the shear 
resisted the nonparallel flanges. the other hand, large gravity-load 
moments occur the columns the cantilever frame but not the columns 
the post-and-lintel frame. Also, unlike the lintel beam moments, the 
beam moments will reversible (unless the dead load improbably 
high), resulting extra tensile steel reinforced concrete. 

practical consideration affecting construction costs that, post-and- 
lintel construction, field joints can the hinges and the resulting pieces 
are convenient shipping and erection. However, for cantilever construction 
the engineer faced with the choice shipping awkward T-segments having 
field splice near the point maximum moment and shear. 

consideration engineering effort (unfortunately not very important 
economically) would certainly favor the statically determinate post-and-lintel 
analysis over the statically indeterminate cantilever analysis described the 
paper. 

The conclusion this analysis that for the conditions investigated 
there probably significant difference the amount material required 
for post-and-lintel framing and cantilever framing using tapered beams. 
Therefore, the cantilever framing described seems have important 
point superiority over the more traditional type. 

Possibly, the compromise between the two types here investigated—con- 
tinuous construction—could shown the most economical materially. 
The differences, however, are surely not great, and such attempt beyond 
the scope this discussion. 

that the deflection formulas presented Tables may used solve 
any the illustrative examples the method moment distribution devised 
Hardy Hon. ASCE. moment distribution used, the mathe- 
matics and simultaneous equations the latter part the paper are avoided. 

use moment distribution, the carry-over factors, fixed-end moments, 
and relative stiffnesses for all spans wedge-beam frame may found 
using Tables and Eqs. 28, 30, and which follow. Moments may 
then distributed, Mr. Cross, obtain the final moments. 


actions, ASCE, Vol. 96, 1932, p. 1. 
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Considering the typical wedge-beam span Fig. the factor 
from point point statically determinate: 


and the moment induced point from this rotation. 

The fixed-end moment point from any loads span (or 
equal the moment point considering the member simple 
lever plus the moment from the shear hinge 


The shear point may found the common method removing the 
connecting hinge point and dividing the resulting difference deflection 
the two simple cantilevers point the difference deflection the 
two cantilevers loaded only with opposite unit loads acting point Re- 
placing the shear the quotient these deflections, obtained from Tables 
and assuming that the values near the hinge both sides are 
equal (as shown Fig. 5), Eq. becomes 


(30) 


both terms the denominator are 
always positive; positive for 


the resulting are both negative 

. 
for moment that produces tension 

Fic. the upper fiber. 


The relative stiffness member 
for rotation point the moment point for unit rotation 
this point may easily shown 


For the column members wedge-beam framing, equals zero, and Rep 
becomes zero all the foregoing equations. 

The author’s illustrative examples involve spans symmetrically propor- 
tioned and symmetrically loaded about the hinges. The carry-over factors, 
fixed-end moments, and relative stiffnesses would Msc, and 
respectively, for these spans, and and respectively, for the 
columns. 

The analysis two-dimensional frames this paper neglects the restraints 
the roofing flooring and adjacent framing the third dimension pre- 
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venting sidesway. Moment distribution, the other hand, assumes com- 
plete restraint from sidesway. This condition nearer the actual action 
framing building many bays. building very few bays the effect 
sidesway should usually checked. Using moment distribution, this 
correction need only made for one loading for given frame, the correction 
for any other loading being found direct proportion from the first deter- 
mination. 

Solutions for types framing with beams whose axes depart significantly 
from the horizontal, such those Fig. were not included the paper. 
For these types, the sidesway each joint should usually accounted for 
the analysis, done the author’s method simultaneous equations. 
Using moment distribution, shears well moments must distributed, 
described the paper Mr. Cross and the discussions the paper. Tables 
are helpful determining the constants required either method, for 
the frame types Fig. and Fig. 4(d) only. Constants must derived 
for other frame types, such those Fig. 4(b) and Fig. 4(c). 


structures finally recognized, this paper becomes especially valuable. The 
serious drawback tedious analysis considerably alleviated the author’s 
simplified solution, although the computation the values the factor (k) 
Tables requires considerable time and great accuracy. For this 
reason these factors for various shapes tapered beams and various ratios 
the moments inertia both ends the beams can tabulated. simpler 
method computing elastic deformations any cross section and shape 
beam can reference the special case (a) the three-bay 
frame with symmetrical framing and loading, shown Fig. The moment 
the exterior corner (X) considered redundant (Fig. 
the deflections the columns, the following equation determines 


Ar = + = Ap = h Gz 84 dy. . (32) 
1 1 
and 


r M G; S84 ds 


1 


elastic weight the individual tapered members with elastic centroids 
and fixed points and are the distances from the hinge points, respectively. 
matter what cross section, shape, irregularities the structural members 
have, the values and can accurately and reliably found shown 
Fig. and outlined the following sections. 

Determination the Elastic Weight the author’s notations, 
and reducing the uniform moment area constant along the length 


Engr., Berkeley, Calif.; Lecturer, Stanford University, Stanford, Calif. 
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the tapered beam, the ratio (the ordinates points will suffi- 
cient draw the reduced moment area), the centroidal axis the reduced 
moment area determines point and the reduced moment area represents 

Determination Fixed Point D.—Proceed the same manner for the 
determination using, however, triangular moment area with maximum 
ordinate basis. The reduced area represents the elastic rotation 
the beam the hinge due the force producing the other end 


the beam. 
Any Shape Tapered Beam 


Reduced Moment Area 


ING AND LOADING 


The writer has demonstrated that continuous rigid frames involving any 
number redundants can solved directly without equations. Similar 
methods can developed for frameworks consisting tapered, hinged mem- 
bers with sufficient accuracy for economical design. 


ARSHAM ASCE.—The supplementary data and some 
the tabulations submitted Messrs. Ernst, Hromadik, and Swihart will un- 
questionably helpful the applications the method. The presentation 
typical hinge details the paper was made merely suggestion, leaving 
the selection the development differing details the designer’s choice. 
Undoubtedly, there are number other types, including the Considére hinge, 
which can used advantageously various framing arrangements. How- 
ever, the case hinges that type, the desirability the suggested utiliza- 
tion the limited moment capacity open question because the resulting 
complications the analysis. design practice, the omission aid provided 
such moments may considered added measure safety. 

The writer fully realized that the derived mathematical expressions for 
given Tables would not sufficient for practical use the method. 
With this thought, also compiled extensive numerical tables and plotted 
curves similar those shown Fig. 17, covering great number load con- 


Designing Engr., Bureau Yards and Docks, Dept. the Navy, Washington, 
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ditions. Unfortunately, imposed space limitations necessitated their omission 
from the text. However, hoped, perhaps through another medium, 
opportunity may had for their eventual presentation future elaborated 
version the paper. 

The advantage brevity obtained the suggested combination Tables 
and into single form, Table 10, must weighed against the resulting 
loss clarity presentation the various coefficients and the greater care 
needed the use the table. the other hand, Table provides con- 
siderable additional data pertaining some the unusual conditions 
loading not completely treated the paper. 

Regarding the relative merit the various methods solving the simul- 
taneous equations which result the analysis, the writer’s preference for the 
so-called method, which has developed and used 
advantageously wide variety design work, predicated the following 
practical considerations: 


Compared classical methods, much simpler procedure. 

does not need the use computing machines assure reasonable 
degree accuracy, the use ordinary slide rule being amply adequate. 

provides much greater operational flexibility, since the number 
cycles increments may vary accordance with the desired accuracy. 

Its accuracy less sensitive possible operational errors, since each 
successive increment only part the total value, and thus error 
given cycle would only feebly reflected the succeeding increments. 


Mr. Sawyer has made limited study his attempt appraise the eco- 
nomic merit wedge-beam framing. For this purpose, partial comparison 
made with so-called and framing. From the point view 
shop fabrication, interesting note that the elements framing used 
the latter system not appreciably differ from those wedge-beam framing, 
since they consist tapered sections. However, arrangement, because 
reversal the directions taper, two entirely dissimilar patterns stress are 
obtained. Thus, the points maximum strength the and lintel’’ 
framing are the middle the lintels beams and the bottom the posts. 
Obviously, such system will unstable under lateral loading when used 
framing more than one story high. Even the case single-story framing, 
the lateral resistance will solely function the moment capacity the 
base foundation. 

the case all comparisons, conclusions drawn from partial studies 
are little value. Reliable comparative data can obtained only from 
complete designs actual framing. The writer had number opportunities 
making such investigations connection with the desired choice fram- 
ing. all these studies, the total material required the wedge-beam system 
was found appreciably less than that obtained either for simple rigid 
framing, the extent material savings varying from 20% much 40%. 

Mr. Sawyer’s suggested use the moment distribution method the 
analysis raises interesting question for discussion. the minds most 
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engineers, this method associated with marvelous magic without which 
procedure solution deemed acceptable practicable. 

the analysis any statically indeterminate system framing there are 
minimum number unknowns, usually consisting moments and reactions, 
which must solved for determining the magnitude stresses the com- 
ponent members. For this purpose, necessary set equal number 
relations between the unknowns and solve for their values. Regardless 
what method analysis used, this the work that must accomplished— 
directly indirectly. the case moment distribution (which, reality, 
application slope deflection) the required equations, consisting the 
summations moments each joint, are set and the values the 
unknowns are obtained arithmetical routine solution similar that 
outlined Fig. 15. Except for the simple cases frame analysis, such 
given the original presentation the the claimed advantage 
operation open serious question. This particularly true when the 
factors interrelation (distribution and carry-over factors) cannot readily 
formulated. The proposed application the method wedge-beam framing 
falls within this category. With the very simple procedure outlined the 
paper, available for obtaining the equations for the redundant reactions, the 
writer would not choose follow devious procedure for attaining the same 
objective. comparative solution moments for any one the frames used 
illustrative examples the paper the suggested method will suffice 
demonstrate this point. 

Mr. Polivka suggests semigraphical solution for frames composed 
members differing shape. such cases, assuming also that the numerical 
values are not available readily obtainable, better procedure would 
utilize the well-known and simpler concept moment area, expressed 
Eq. this purpose will suffice draw only one moment diagram for 
each member, reduce the moment ordinates the ratios obtain the 
moment area thus reduced, and determine its centroid. the moments are 
induced end forces only—that is, hinge reactions, which the case 
members and Fig. 20—the lower diagram Fig. 21, containing 
the values and all that will needed for the desired deflections and, 
hence, the middle G-diagram becomes superfluous. This will evident 
also from the consideration that 


which the reduced moment area cantilever unit length under 
unit load its end. 

Mr. Polivka’s statement regarding the solution redundants without equa- 
tions not clear. Assumedly this pertains unexplained procedure where 
the needed relations are formulated indirectly. However, this has not been 
done his example, since Eq. the needed relation for the single redundant 


1942, p. 83. 
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the frame, which equation derived and solved manner similar that 
given the paper. 

Gable Framing.—In the case framing arrangements where the axes the 
members deviate from horizontal vertical (mentioned Mr. Sawyer), 
becomes necessary consider the effect both vertical and horizontal 
tions the joints. Asa result, the deflection equations will contain additional 
terms from some these members. Except for this modification, the analysis 
follows the same procedure that given for rectangular frames. The appli- 
can illustrated two examples. 

Example Symmetrical Framing.—The three-bay gable bent shown 
Fig. represents simple case symmetrical framing. Under the indi- 
cated unsymmetrical loading there are two unknown hinge reactions joint 
The two deflection equations necessary for the solution and are obtained 
follows: 


(c) 
Vizh Vioh 
29 29 
Vlo Vl> 


h 2 ks ks 


determine this horizontal deflection hinge 
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and 
also 
from which 
3 


determine the vertical deflection hinge 


lah 2 h 2 ky 


also, similar Eq. 36, 
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from which 


obtained directly from 16. 


the case rectangular framing, the deflection equations can 
The data necessary for the determination 


the various coefficients those equations are given Tables (with Fig. 23), 
(with Fig. 24), and 16. 


Example Framing.—The three-bay bent shown Fig. 
illustrates this case. result the dissymmetry, writing 
the deflection expressions, the two roof beams each bay are longer con- 
sidered pairs but are treated separately, independent members, similar 


Fie. 


the case which the members are differing shape where the loading 
bay unsymmetrically applied. The equilibrium diagrams for and 
(the two unknown reactions hinge and for the loading the first bay, 


obtained simple-frame moments, are given Fig. 25(b) Fig. 25(d), respec- 
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tively. Then, from the consideration horizontal deflection point 


Similarly, consideration the vertical deflection the same joint will 
yield the following relation: 


ky Al h h? 
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TABLE MEMBERS THE DEFLECTION JOINT 
Enp Bays GABLE FRAMES WITH EVEN NUMBER Bays 


HORIZONTAL SEFLEC TIONS AT JOINT 


LOAD COEFFICIENTS FOR So: 


gh h(t-a,)k gh hk 


Corrections for Transactions.—In Fig. 13(a) change the seven lower dimen- 


‘<p 
vertical reactions Fig. 14(a) change the right-hand ver- 


tical reaction Fig. 14(c) change the heading Col. 10, 
Table change page 25, line below Eq. 16b, change 
“Table 7(a)” “Table Eqs. 17, change the formula for fol- 
Table (continued), change the seven C-symbols C’-symbols; the five 
unnumbered formulas preceding Eqs. 18, change fourteen V)-symbols 
V)-symbols; Eqs. 18, change the three (41 V)-symbols (41 V)-symbols; 
and, the heading Col. 12, Table and Table (continued), change 
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